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Broad-Band Microwave Characterization of
Bilayered Materials Using a Coaxial Discontinuity
with Applications for Thin Conductive Films for
Microelectronics and Material in Air-Tight Cell

Nour-eddine Belhadj-Tahar, Olivier Meyer, and Arlette Fourrier-Lamer

Abstract—A new measurement method of complex permittivity
of bilayered materials has been developed using a coaxial discon-
tinuity. The electromagnetic analysis is performed according to
the “mode-matching” method. The reflection coefficient of the
principal transverse electromagnetic (TEM) mode is calculated
by matching the fields at the interfaces of the layered material
and using the orthogonality properties of modes in cylindrical
waveguides. The complex permittivity of several known liquid
or solid materials in bilayered structure are measured using this
method. The experimental results over a wide frequency band (1
kHz–18 GHz) are consistent with those in previous papers and
with dc measurements.

Index Terms—Bilayered materials, broad-band measurements,
coaxial discontinuity, microwave characterization, mode-
matching method.

I. INTRODUCTION

T HERE is an increasing interest in broad-band measure-
ment of the complex permittivity of materials in layered

structures. The knowledge of thin films permittivity is essential
in microelectronics since their performances are related to their
frequency behavior. Other applications are also encountered in
tight media where the measurement of permittivity shows the
evolution of the state of matter with temperature and time and
enables the following of the physical process.

Due to its relative simplicity, the transmission/reflection
(TR) method is presently the widely used broad-band mea-
surement technique [1]. This method, where a sample of the
material to be tested is inserted in a waveguide or a trans-
mission line such as a coaxial or planar line, is nevertheless
limited in frequency. The increase in frequency is limited by
the appearance of resonance phenomena due to the sample
length. The explicit solution for permittivity determined from
measured reflection coefficient leads to an ill-conditioned set
of equations when the sample length is equal to an integral
number of half-wavelengths inside the sample. To bypass this
problem, a short sample can be used. However, the use of
short samples lowers the measurement sensitivity [2] which
makes this method inadequate for the thin film’s measurement.
Iterative algorithms are also used (i.e., [2] and [3]) to find more
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precise permittivity estimations. Another problem encountered
in practice is the air gap near the inner conductor for the
method where a test specimen is inserted in a precision coaxial
air line. It is shown in [4] that air-gap errors become more and
more serious with increasing dielectric constants. A coaxial
capacitor model for air-gap corrections is used in [5].

Open-ended coaxial lines are commonly used as electromag-
netic probes for nondestructive testing. The method has been
found to satisfactorily work for liquid measurements where
good contact between sample and probe is easily obtained
[6]. A noncontacting probe has recently been proposed [7]
for particular nondestructive industrial applications and can
be used for the layered problem.

The purpose of this paper is to outline a broad-band mea-
surement technique for bilayered materials in confined media.
The method proposed here uses the inner-coaxial conductor
discontinuity into which the cylindrical sample to be measured
is easily inserted. The problem analysis is based on the
presence of higher-order modes in materials to be tested
and excited by the coaxial discontinuity [8]. The capacitive
nature of these higher-order modes of transverse magnetic
(TM) type and their evanescent character allow permittivity
measurements from low frequencies up to 18 GHz in APC-7
mm standard and 40 GHz in APC-2.4 mm standard on samples
with thickness greater than 0.1m. The method is best suited
for various scientific applications, where only small quantities
of materials are available.

II. DIRECT PROBLEM

A. Formulation of the Problem

The proposed structure is depicted in Fig. 1. The coaxial air
line (A region) is loaded by a circular waveguide. This circular
waveguide is filled with a bilayered material and a short-
circuited back side. Both layers 1 and 2 (B and C regions) are
assumed isotropic and nonmagnetic. The relative primitivities

and are dimensionless numbers in general are complex
and frequency-dependent.

Let us consider an incident transverse electromagnetic
(TEM) wave in the coaxial line. At the plane, the
structure may be represented by a coaxial line terminated by
an admittance normalized in relation to the characteristic
admittance of the coaxial line (Fig. 2). The direct problem
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Fig. 1. Cross section of the studied structure.

Fig. 2. Equivalent representation of the structure.

involves the determination by a modal analysis combined
with the mode-matching method.

B. Fields in the Structure

The nature of the TEM mode and the cylindrical symmetry
of Fig. 1 enable us to predict that only higher-order modes of
type TM independent of the azimuthal angle F are excited at
the geometrical discontinuity plane .

In the coaxial line (A region), the components of the total
electromagnetic field are

(1)

(2)

(3)

where a time dependence of is assumed, with
and the operating frequency. represents the

incident TEM wave amplitude and its reflection coefficient
at the plane. and are, respectively, the wave
admittances of the TEM and in the coaxial waveguide

(4)

(5)

with and the permittivity and permeability of free space

(6)

and

(7)

In (1)–(3), represents the linear combination of theth order
Bessel functions of the first and second kinds as follows:

(8)

In the first layer (B region)

(9)

(10)

(11)

where represents the reflection coefficient of the
higher-order mode in the first layer at the plane, and

the admittance of this mode

(12)

with

(13)

In the second layer (C region)

(14)

(15)

(16)

with

(17)

and

(18)

The axial component of the electrical field for each TM
mode must be zero at the conductors in the three regions.
The following conditions are thus obtained by canceling the
relations (2), (10), and (15):

(19)

(20)

(21)

Equation (19) enables us to determine the coefficient
contained in (8)

(22)
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and, thus, from the following transcendental equation, we
obtain the coefficients :

(23)

The constants and are obtained by solving (20)–(21).
Note that and are equal for .

From the relations (9), (11), (1), and (3) the boundary
conditions for the transverse components at the plane
are written in the following manner:

(24)

(25)

(26)

The coefficients and are determined by using the
orthogonality properties of Bessel functions.

The first step consists of performing the integrals
. The substitution of from (24) and

(25) in the above integral yields

(27)

for .
Next, we integrate between and . We

obtain from (26)

(28)

At the plane the input admittance normalized
in relation to the characteristic admittance of the coaxial
waveguide is

(29)

so (27) and (28) give us the result

(30)

This may be written in the form

(31)

where , , and are defined as

(32)

(33)

(34)

In (31)–(34), and are still unknown.
is computed by using orthogonality properties of TM

modes in the cylindrical waveguide. The total electromagnetic
field in the B and C regions is matched at the plane .
Referring to (9), (11), (14), and (16) we have

(35)

(36)

The above relations are used to perform the integrals
and . Integrating

and using (12) and (17), we may write

for (37)

for (38)

with

(39)

(40)

and

for (41)

Combining (37) and (38) the value of is then found (see
(42) at shown at the bottom of the next page).
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The unknowns are found from (26) if the integration
of the quantity is made between and

. The result is

(43)

If , , and are substituted with (5), (12), and (27)
in (43), it may be shown that

(44)

or most conveniently

(45)

by setting (see (46) at bottom of the page) where is the
Kronecker delta function and is found by (34).

C. Numerical Computation

The computation (32) starts with the evaluation of
quantities , , and from a Bessel subroutine. The roots
of the transcendental equations (23), (20), and (21) are found
by iteration. It can be shown that all these roots (, ,
and ) are real even in the lossy case (lossy materials in
regions B and C), and so the arguments of the calculated
Bessel functions are real. These functions are programmed
in the polynomial approximation form [9] with an absolute
accuracy of 10 . Hence, for a given frequency and for two
layers of known electrical properties (42), (32), and

(34) can be conveniently processed if the infinite series
involved are truncated. This truncation recurs to retaining a
finite number of higher-order modes excited by the inner-
coaxial conductor discontinuity at . Hence, we retain
a number of modes in the two-layer structure

Fig. 3. Variations of the admittanceye = ge + jbe vs M for various
values ofN at 1 GHz. The simulation usesa = 3:5 mm andb = 1:52

mm, with d1 = 0:5mm; d2 = 14mm; �1 = 9:6 (alumina window), and
�2 = 14:78 � j10:43.

. In the same manner, to compute the
unknowns , we consider a number of modes
in the coaxial line . Hence (45) is reduced
to a system of equations with unknowns . From
this, is obtained. Since the value of governs the number
of simultaneous equations to be solved, it is clear that for a
solution of given accuracy there will be a considerable saving
of computer time and storage if the ratio is correctly
chosen. The effect on the admittance computation accuracy of
the number of higher-order modes retained has been described
in [10] and reported by other authors [11]–[12]. Fig. 3 shows
the variations with of the admittance for various values
of . In order to check the correctness of admittance value
computed for this case, a comparison was made with value
calculated by the finite element method (HP 85 180A High-
Frequency Structure Simulator [HFSS]). There is uniform
convergence of the normalized values of conductanceand
susceptance for increasing. Changes of slope being
shown near the HFSS’s value for . The reason of
the change of slope can be explained as follows. The magnetic
field distribution in the cylindrical waveguide is known as the
function of the TEM mode (28). The electric field for a given

mode in the cylindrical waveguide is determined by
a series of electric fields of coaxial modes (27). The
amplitude of the magnetic field of each coaxial mode is

(42)

(46)
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derived from (43) by a series of magnetic fields of cylindrical
waveguide modes. The predominant term in the mode series
in (43) will be that for which the values of and are
close. If these quantities are expressed as [13]

(47)

(48)

then

(49)

In this case, both and have the same cutoff
wavelength and also the same field variation across the
discontinuity (for a 50 coaxial air-line, ,
and . If modes are retained in the circular
waveguide, magnetic field distribution in this region is known
exactly [see (28)], being that the TEM mode is independent
of the calculation process. In (43), the excess modes
with have small amplitude coefficients and
are effectively ignored. The accuracy of the solution is not
affected by an excess of coaxial modes and so the ratio
of integers should be chosen slightly less than
( for the 50 coaxial air-line). Fig. 4 shows
that the convergence rate is improved when the ratio
corresponds to the ratio of spatial frequencies of the highest-
order modes on either side of the junction and convergence
is sufficient after only three modes in the small waveguide.
For a discontinuity in a 50 coaxial air line, all computations
are performed with and . In Fig. 5 is shown
measured and calculated admittance of a
bilayered structure formed by an alumina window (
mm) and distilled water ( mm). Measurements are
performed from 45 MHz–18 GHz at 20C using an APC-
7 mm coaxial air line. The dielectric properties of distilled
water are summarized from [14] by the equation (Cole–Cole
representation)

(50)

with parameters values summarized in Table I. Alumina shows
very small losses ( is lower less than 0.001) and anvalue
of 9.6 according to [15].

III. I NVERSE PROBLEM AND EXPERIMENTAL RESULTS

In this section, we consider two practical cases.

1) Dielectric properties are known for layer 1 and unknown
for layer 2. This configuration constitutes a tight cell and
is used for complex permittivity measurements of liquids
and semisolids as shown in Fig. 1.

2) Dielectric properties are unknown for layer 1 and known
for layer 2. This structure is used for measurements
of the permittivity of thin films coated on dielectric
substrates.

The measurements presented are obtained at 20C using the
HP8510B network analyzer in a APC-7 mm standard air line.
To avoid contact effects the samples are metallized on contact
surfaces with line conductors.

Fig. 4. Variations of the admittanceye = ge + jbe vs M for two ratios
N=M at 1 GHz. The simulation usesa = 3:5 mm and b = 1:52 mm,
with d1 = 0:5 mm; d2 = 14 mm; �1 = 9:6 (alumina window), and
�2 = 14:78 � j10:43.

Fig. 5. Measured (o) and calculated(�) admittanceye = ge + jbe of a
bilayered structure formed by an alumina window (d1 = 0:5mm) and distilled
water (d2 = 14 mm) in APC-7 mm standard.

TABLE I
DISPERSIONPARAMETERS USED WITH (50) TO CALCULATE

THE PERMITTIVITY OF LIQUIDS MEASURED IN THIS STUDY

Temperature is 20C.

Values from [14].

If ( or ) is the complex permittivity of
the unknown layer, the simultaneous determination ofand

is carried out from measured values. For this
purpose we use an iterative method derived from the gradient
method [16]. Let us consider an initial vector

(51)
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where we define an error vector in the following manner:

(52)

where the superscripts and denote, respectively, the
measured and calculated admittance values. At thevector,
we associate a second vector as follows:

(53)

where the matrix is defined as the derivative matrix

(54)

and

(55)

The vector value is obtained from the inverse matrix
as follows:

(56)

The th direction of investigation is now

(57)

is initialized at 0.2. The coefficient is equal to
(0.9 at maximum) if , else .
Iterations are stopped when is lower than 10 or
lower than 10 . These values are fixed by the accuracy of
the network analyzer. The calculatedand values become
the initial values for the next measured point. The typical
computation time for 201 frequency measured points is less
than 30 s using a HP 715-75 workstation.

To illustrate this method, we begin with measurements
conducted on two reference liquids: ethanol and methanol. In
this case, layer 1 is alumina and constitutes a tight dielectric
window which separates the liquid (layer 2) from the coaxial
line. Alumina and the reference liquid have a thickness of 0.5
mm and 14 mm, respectively. The first step is to measure
the window permittivity. This determination is performed by
measuring the admittance of the empty tight cell. The in-
verse problem is solved by assuming that the permittivityof
alumina is unknown and that the permittivity of air is equal
to unity. The result (shown in Fig. 6) is in good agreement with
[15]. The cell is now filled with the liquid and its admittance is
measured with the same procedure used for the empty cell. The
window characteristics being known, resolution of the inverse
problem gives us the reference liquid permittivity. Figs. 7 and
8 illustrate the results for methanol and ethanol. Our results are
found to be in excellent agreement with [17] and the dielectric
properties predicted by [14] and reported in Table I.

Next, we shall consider the results for the officinal Vaseline
given in Fig. 9. The configuration adopted here is: the officinal
Vaseline constitute layer 1 with mm and layer 2 is
the alumina studied above (Fig. 6) with mm. These

Fig. 6. Complex permittivity of alumina measured in the tight bilayered
structure formed by the alumina window (d1 = 0:5 mm) and air (d2 = 14

mm) in APC-7 mm standard.

Fig. 7. Complex permittivity of methanol measured in the tight bilayered
structure formed by the alumina window (d1 = 0:5 mm) and methanol
(d2 = 14 mm) in APC-7 mm standard.

Fig. 8. Complex permittivity of ethanol measured in the tight bilayered
structure formed by the alumina window (d1 = 0:5 mm) and ethanol
(d2 = 14 mm) in APC-7 mm standard.

results show a very good agreement with values
and according to [18].
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Fig. 9. Complex permittivity of the officinal Vaseline measured in the
bilayered structure formed by Vaseline (d1 = 0:5mm) and alumina (d2 = 0:5
mm) in APC-7 mm standard.

Fig. 10. Complex permittivity ofSnO2 measured in the bilayered structure
formed by the film ofSnO2 (d1 = 0:25 �m) coating an substrate of glass
(d2 = 1 mm and"2 = 7:1� j0:2) in APC-7mm standard.

A final validation has been made for high conductive film
(layer 1) coating a dielectric substrate (layer 2). Thickness
of polycrystalline stannic oxide film, SnO, is 0.25 m. The
substrate is a glass which shows a permittivity
(these average values are measured by the method described in
[19]). The results for and are depicted in Figs. 10 and
11 (ac conductivity is defined as ). The measured dc
conductivity performed on the crystalline sample is S/m
and presents a high discrepancy between both measurements.
The strong dispersion at low frequencies (corresponding to
data between 10 kHz–1 MHz) is related to interfacial polar-
izations between the stannic oxide film and the electrodes [20]
as shown in the Cole–Cole representation in Fig. 10. At high
frequencies increases with increasing frequency, while the
abnormally high value of first is constant and then decreases
from 8 GHz. This is the typical variation with frequency
of apparent permittivity for polycrystalline materials due to
the presence of grain boundaries within the material (see for
example [21]). This Maxwell–Wagner effect is essentially a

Fig. 11. Conductivity ofSnO2 measured in the bilayered structure formed
by the film ofSnO2 (d1 = 0:25 �m) coating an substrate of glass(d2 = 1
mm and"2 = 7:1� j0:2) in APC-7 mm standard.

Fig. 12. Example of measurement accuracy at 5%.

combination of resistor–capacitor networks. In this case, the
apparent permittivity varies with frequency in a similar way
as in the case of Debye dispersion [22] with a relaxation
frequency greater than 10 GHz, as shown in Fig. 10 for
the higher frequency dispersion. Thus, the observed complex
permittivity is a sum of two overlapping dispersions. True
electrical parameters of the grain material are then measured
only at very high frequencies. The deconvolution of the
Cole–Cole diagram as indicated in [14] and [21] gives us the
result drawn in Fig. 11, where ac conductivity is constant up
to 18 GHz and coincides with the dc measurement, available
data [20] and [23].

IV. DISCUSSION AND CONCLUSION

The method accuracy was computed by simulation. The
calculator, programmed for HP8510B system instrumentation
errors, enables measurement errorsto be determined from
measured values. The accuracy of measurements depends
on the measured values of . An example of the accuracy
provided by the network analyzer is graphed in Fig. 12. Values
of or less than 10 involve errors greater than 100%
in the corresponding values of admittance and permittivity.
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Hence, the measurement of losses for samples with less than
10 is difficult with this method. To get reasonable accuracy
the loss tangent should be greater than 0.01. In this case,
the accuracy for was found to be 3% in the 45 MHz–18 GHz
frequency range and is measured with an accuracy better
than 5%. The uncertainty for caused by a small error in the
sample physical length is practically equal to the percentage
of the error. The thin films lengths can be measured by means
of interferometric methods.

In this paper, we present a broad-band technique for mea-
suring the complex permittivity for bilayered materials. The
method uses an inner-coaxial conductor discontinuity. The
electromagnetic analysis is valid irrespective of both bilayered
material thickness and working frequency. The capacitive na-
ture of the higher-order modes excited by the discontinuity and
their evanescent character allow permittivity measurements for
thin films. This system may be employed as a tight cell for
dielectric measurements in confined media. Extensive data
on different materials have been presented to illustrate the
versatility of the present method.
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